Overconvergent Wittvectors by Davis, Christopher et al.
J. reine angew. Math. 668 (2012), 1—34
DOI 10.1515/CRELLE.2011.141
Journal fu¨r die reine und
angewandte Mathematik
(Walter de Gruyter
Berlin  Boston 2012
Overconvergent Witt vectors
By Christopher Davis at Irvine, Andreas Langer at Exeter
and Thomas Zink at Bielefeld
Abstract. Let A be a ﬁnitely generated algebra over a ﬁeld K of characteristic p > 0.
We introduce a subring W yðAÞHWðAÞ, which we call the ring of overconvergent Witt
vectors, and prove its basic properties. In a subsequent paper we use the results to deﬁne
an overconvergent de Rham–Witt complex for smooth varieties over K whose hypercoho-
mology is the rigid cohomology.
Introduction
The p-adic cohomology of algebraic varieties may be deﬁned using rings of Witt
vectors. Let X be a smooth quasi-projective scheme over a perfect ﬁeld K of charac-
teristic p > 0. The Witt vectors may be considered as a Zariski sheaf WðOX Þ. The
de Rham–Witt complex of Deligne–Illusie is a complex of WðOX Þ-modules whose hyper-
cohomology is the crystalline cohomology of X . In [2] we constructed a subcomplex of
the de Rham–Witt complex whose hypercohomology is the rigid cohomology of X deﬁned
by Berthelot [1]. For this we put a growth condition on Witt vectors which is inspired
by the work of Monsky and Washnitzer. Therefore we speak of overconvergent Witt
vectors. In this paper we study the rings of overconvergent Witt vectors systematically
and prove in particular all facts used in [2]. Similar growth conditions of Witt vectors
were used by de Jong [5] in his work on homomorphisms of p-divisible groups and by
Kedlaya [7] in his work on the Crew Conjecture. We describe the precise relation
below.
Let A be a ﬁnitely generated algebra over a ﬁeld K of characteristic p. Let WðAÞ be
the ring of Witt vectors with respect to p. We deﬁne a subring W yðAÞHW ðAÞ, which we
call the ring of overconvergent Witt vectors. Let A ¼ K ½T1; . . . ;Td  be the polynomial ring.
We say that a Witt vector ð f0; f1; f2; . . .Þ AWðAÞ is overconvergent if there is a real number
e > 0 and a real number C such that
m epm deg fmfC for all mf 0:
The overconvergent Witt vectors form a subring W yðAÞHW ðAÞ.
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There is a natural morphism from the ring of restricted power series
WðKÞfT1; . . . ;Tdg ! W ðAÞ;
which maps Ti to its Teichmu¨ller representative ½Ti.
The inverse image of W yðAÞ is the set of those power series which converge in some
neighborhood of the unit ball. This is the weak completion Ay of WðKÞ½T1; . . . ;Td  in the
sense of Monsky and Washnitzer. We note that the bounded Witt vectors used by Lubkin
[10] are di¤erent from the overconvergent Witt vectors.
If A ! B is a surjection of ﬁnitely generated K-algebras, we obtain by deﬁnition a
surjection of the rings of overconvergent Witt vectors
W yðAÞ ! W yðBÞ:
A much deeper fact that we use in [2] concerns subalgebras. Let AHB be two smooth
K-algebras. Then
W yðAÞ ¼ WðAÞXW yðBÞ
(see Proposition 2.16). In particular, this implies that the functor A 7! W yðAÞ is a sheaf for
the smooth topology.
Further, we show (see Corollary 2.46): Let A be a ﬁnitely generated algebra over K.
Let B ¼ A½T = f ðTÞ be a ﬁnite e´tale A-algebra, where f ðTÞ A A½T  is a monic polynomial
of degree n such that f 0ðTÞ is a unit in B. We denote by t the residue class of T in B. Then
W yðBÞ is ﬁnite and e´tale over W yðAÞ, and the elements 1; ½t; ½t2; . . . ; ½tn1 form a basis of
the W yðAÞ-module W yðBÞ.
Finally, we prove thatW yðAÞ ! A satisﬁes Hensel’s lemma (see Proposition 2.30) if A
is a ﬁnitely generated algebra over a perfect ﬁeld K. The essential fact is that W yðAÞ is a
weakly complete algebra over WðKÞ in the sense of Monsky–Washnitzer.
Now we decribe the relation with the work of de Jong and Kedlaya, who studied the
slope ﬁltration of isocrystals over overconvergent Witt vectors of perfect ﬁelds with a valu-
ation. Let K be a ﬁnite extension of Qp. Let O ¼ OK be the ring of integers, p A O be a
prime element and q ¼ pe be the number of elements in O=ðpÞ.
Let R be an O-algebra. Using the Witt polynomials
wn ¼ X q
n
0 þ pX q
n1
1 þ    þ pn1X qn1 þ pnXn;
one [3] deﬁnes the ring of ramiﬁed Witt vectors WOðRÞ.
Assume that pR ¼ 0 and we are given a valuation n : R ! RW fyg. A Witt vector
ðx0; x1; x2; . . .Þ AWOðRÞ is called overconvergent if there are real numbers  > 0 and C
such that
i þ nðxiÞfC for i A Zf0:
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The overconvergent Witt vectors form a ring W
y
OðRÞ. If R is a perfect ﬁeld L of charac-
teristic p, this ring is denoted by WconðL;OÞ in Kedlaya [7]. If K ¼ Qp and R is a poly-
nomial algebra over a ﬁeld with its degree valuation, we obtain the ring W yðRÞ described
above. Since our aim is to lay the foundations for the overconvergent de Rham–Witt com-
plex, we consider only the case K ¼ Qp. But all our results hold for ramiﬁed Witt vectors as
well.
1. Pseudovaluations
We set R ¼ RW fygW fyg with its natural order.
Deﬁnition 1.1. Let A be an abelian group. An order function is a function
n : A ! R
such that nð0Þ ¼y and such that for arbitrary a; b A A:
nðaG bÞfminfnðaÞ; nðbÞg:
An order function is the same thing as a descending ﬁltration of A by subgroups
F rA indexed by r A R, with the property
T
s<r
F sA ¼ F rA. The relation of both notions is
F rðAÞ ¼ fa A A j nðaÞf rg.
In particular, the above inequality is an equality if nðaÞ3 nðbÞ. Moreover, we have
nðaÞ ¼ nðaÞ.
Let f : A ! B be a surjective homomorphism of abelian groups. Then we deﬁne the
quotient n : B ! R by
nðbÞ ¼ supfnðaÞ j a A A; fðaÞ ¼ bg:ð1:2Þ
This is again an order function.
We deﬁne an order function nn on the direct sum An as follows:
nnðða1; . . . ; anÞÞ ¼ min
i
fnðaiÞg:ð1:3Þ
Deﬁnition 1.4. Let A be a ring with 1. A pseudovaluation n on A is an order function
on the additive group
n : A ! R
such that the following properties hold:
(1) nð1Þ ¼ 0,
(2) nðabÞf nðaÞ þ nðbÞ if nðaÞ3y and nðbÞ3y.
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We call n proper if it does not take the value y. We call n negative if n is proper and
nðaÞe 0 for all a A A, a3 0. If n is proper and (2) is an equality, n is called a valuation. On
each ring A we have the trivial valuation nðaÞ ¼ 0 for a3 0.
Let f : A ! B be a surjective ring homomorphism. Let n be a pseudovaluation on A.
Let n the induced order function on B. If nð1Þ3y, then n is a pseudovaluation. In partic-
ular, this is the case if n is negative.
Example 1.5. Let R be a ring with a negative pseudovaluation m. Consider the poly-
nomial ring A ¼ R½T1; . . . ;Tm. Let d1 > 0; . . . ; dm > 0 be real numbers. Then we deﬁne a
valuation on A as follows: For a polynomial
f ¼P
k
ckT
k1
1  . . .  T kmm
we set
nð f Þ ¼ inffmðckÞ  k1d1      kmdmg:ð1:6Þ
This is a valuation if m is a valuation. We often consider the case where R is an integral
domain and m is the trivial valuation. If moreover di ¼ 1, we call n the standard degree val-
uation.
We are interested in pseudovaluations up to equivalence:
Deﬁnition 1.7. Let n1; n2 : A ! RW fyg be two functions such that ni3 0 for all
a A A. We say that they are linearly equivalent if there are real numbers c1 > 0, c2 > 0,
d1f 0, d2f 0 such that for all a A A:
n1ðaÞf c2n2ðaÞ  d2; n2ðaÞf c1n1ðaÞ  d1:
In Example 1.5, (1.6), we obtain for di¤erent choices of the numbers di linearly equiv-
alent negative pseudovaluations. The equivalence class of n does not change if we replace m
by an equivalent negative pseudovaluation.
Let n1 and n2 be two negative pseudovaluations on A. If A ! B is a surjective ring
homomorphism, then the quotients n1 and n2 are again linearly equivalent.
Proposition 1.8. Let m be a negative pseudovaluation on a ring R. We consider a sur-
jective ring homomorphism f : R½T1; . . . ;Tm ! R½S1; . . . ;Sn. Let nT be a pseudovaluation
on R½T1; . . . ;Tm and let nS be a pseudovaluation on R½S1; . . . ;Sn as deﬁned by (1.6). Then
the quotient of nT with respect to f is a pseudovaluation which is linearly equivalent to the
valuation nS.
We omit the straightforward proof, which is essentially contained in [13]. A proof in a
more general context is given in [2].
Deﬁnition 1.9. Let m be a negative pseudovaluation on a ring R. Let B be a ﬁnitely
generated R-algebra. Choose an arbitrary surjection R½T1; . . . ;Tm ! B and an arbitrary
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degree valuation n on R½T1; . . . ;Tm. Then the quotient n on B is up to linear equivalence
independent of these choices. We call any negative pseudovaluation in this equivalence
class admissible.
Let m be an admissible pseudovaluation on a ﬁnitely generated R-algebra B. Let n be
the pseudovaluation on a polynomial algebra B½T1; . . . ;Tm given by Example 1.5. Then n
is admissible. This is easily seen if we write B as a quotient of a polynomial algebra.
Lemma 1.10. Let ðR; mÞ be a ring with a negative pseudovaluation. Let A be an
R-algebra which is ﬁnite and free as an R-module. Let t be an admissible pseudovaluation
on A.
Choose an R-module isomorphism RnGA. With respect to this isomorphism t is line-
arly equivalent to the order function mn given by (1.3).
Proof. Let e1; . . . ; en be a basis of A as an R-module. Consider the natural surjection
a : R½T1; . . . ;Tn ! A
such that aðTiÞ ¼ ei. We have the equations
eiej ¼
Pn
l¼1
c
ðlÞ
ij el ; c
ðlÞ
ij A R:
We choose a number d such that for all coe‰cients c
ðlÞ
ij :
mðcðlÞij Þ þ df 0:
Let ~t be the pseudovaluation (1.6) on R½T1; . . . ;Tn such that ~tðXiÞ ¼ d. We can take for
t the quotient of ~t.
Consider an element a A A. We choose a representative of a:
f ¼P
k
rkT
k1
1  . . .  T knn :
We claim that there is a linear polynomial f1 which maps to a such that
~tð f1Þf ~tð f Þ:
Indeed, assume that some of the monomials rkT
k1
1  . . .  T knn are divisible by TiTj. We will
pretend in our notation that i3 j, but the other case is the same. We ﬁnd an equation
rkT
k ¼P
l
rkc
ðlÞ
ij T
kðlÞ;
where jkðlÞj ¼ jkj  1. For any ﬁxed l we have
~tðrkcðlÞij T kðlÞÞ ¼ mðrkcðlÞij Þ  dðjkj  1Þf mðakÞ þ mðcðlÞij Þ þ d  djkjf ~tð f Þ:
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We conclude that
tðaÞ ¼ supf~tð f Þ j f ¼ r0 þ r1T1 þ    þ rnTn; að f Þ ¼ bg:ð1:11Þ
By construction, a has a unique representative
g ¼ Pn
i¼1
siTi:
Clearly, ~t restricted to linear forms as above is linearly equivalent to the order function mn
deﬁned by (1.3). We need to compare ~tðgÞ and tðaÞ.
We have the following relation in A:
1 ¼ Pn
i¼1
ciei; ci A R:
Given a representative f as in (1.11), we ﬁnd
g ¼ Pn
i¼1
ðri þ cir0ÞTi:
Then
~tðgÞ ¼ minfmðri þ cir0Þ  dgf min
i
fminfmðriÞ  d; mðciÞ  d þ mðr0Þgg
f ~tð f Þ  d 0;
where d 0 is chosen such that d 0 < mðciÞ  d. Since this is true for arbitrary f , we ﬁnd
~tðgÞf tðbÞ  d 0. Since t is the quotient norm, we have the obvious inequality
tðbÞf ~tðgÞ:
This completes the proof. r
Example 1.12. Let n be a negative pseudovaluation on A. Let d > 0 be a real num-
ber. Then we have deﬁned a pseudovaluation on the polynomial algebra A½X :
mðP aiX iÞ ¼ minfnðaiÞ  idg:ð1:13Þ
Let f A A be such that f is not nilpotent. Then we deﬁne a pseudovaluation n 0 on the
localization Af by taking the quotient under the map
A½X  ! Af
which sends X to f 1. As we remarked above, n 0 depends only on the linear equivalence
class of n on A.
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Let z A Af . Consider all possible representations of z in the form
z ¼P
l
al=f
l :ð1:14Þ
Then n 0 is the supremum over all these representations of the following numbers:
min
l
fnðalÞ  ldg:ð1:15Þ
If the supremum is assumed, we call the representation optimal.
Lemma 1.16. Let ðA; nÞ be a ring with a negative pseudovaluation. Let f A A be a
non-zero divisor. Let n 0 be the induced pseudovaluation on Af which is associated to a ﬁxed
number d > 0.
We are going to deﬁne a function t : Af ! RW fyg. For z A Af we consider the set of
all possible representations
z ¼ a=ð f mÞ:ð1:17Þ
We deﬁne tðzÞ to be the maximum of the numbers nðaÞ md for all possible representations
(1.17).
Then there is a real constant Q > 0 such that for all z A Af
n 0ðzÞf tðzÞfQn 0ðzÞ:
Proof. The ﬁrst of the asserted inequalities is trivial. Consider any representation
z ¼ Pm
l¼0
ul=ð f lÞ such that um3 0:
We set
C ¼ min
l
fnðulÞ  ldg:
Note that this implies that Cemd. We ﬁnd a representation of the form (1.17):
z ¼
Pm
l¼0
ul f
ml

=ð f mÞ ¼ a=f m:
Then
nðaÞ md ¼ n
Pm
l¼0
ul f
ml

mdf min
l
fnðulÞ þ ðm lÞnð f Þ mdg
f min
l

nðulÞ  ld md þmnð f Þ þ l

d  nð f Þ
f min
l
fC  C þmnð f Þg:
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We further have
mnð f Þ ¼ ðdmÞ nð f Þd f ðCÞ
nð f Þ
d :
Together we obtain
nðaÞ mdfC 2þ nð f Þd
 
:
This implies
tða=f mÞf 2þ nð f Þd
 
n 0ðzÞ: r
The motivation for the following deﬁnition is Lemma 2.14 below.
Deﬁnition 1.18. Let ðA; nÞ be a ring with a negative pseudovaluation. We say that a
non-zero divisor f A A is localizing with respect to n if there are real numbers C > 0 and
Df 0 such that for all natural numbers n:
nð f nxÞeCnðxÞ þ nD for all x A A:ð1:19Þ
If m is a negative pseudovaluation on A which is linearly equivalent to n, then f is
localizing with respect to n if and only if it is localizing with respect to m. Indeed, any func-
tion r which is linearly equivalent satisﬁes an inequality (1.19).
It is helpful to remark that making C smaller we may always arrange that D is
smaller than any given positive number. It is also easy to see that a unit of the ring A is
always localizing.
Let A ¼ R½T1; . . . ;Te be a polynomial ring over an integral domain R with a degree
valuation n. Then we have the equation
nð f nxÞ ¼ nðxÞ þ nnð f Þ; x A A:
Therefore (1.19) holds with C ¼ 1 and D ¼ 0.
More generally, let ðB; mÞ be a ring with a negative pseudovaluation. We endow
A ¼ B½T  with the natural extension n of m such that nðTÞ ¼ d. Assume that
f ¼ Tm þ am1Tm1 þ    þ a0 is a monic polynomial with ai A B.
Deﬁnition 1.20. We say that f is regular with respect to T if
min
0ei<m
fmðaiÞ  idg > md:ð1:21Þ
For a regular polynomial we have nð f Þ ¼ md. We remark that each monic poly-
nomial f becomes regular for a suitable choice of d.
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Proposition 1.22. Let f ðTÞ A B½T  be a regular polynomial (1.20). Then we have for
an arbitrary polynomial gðTÞ A B½T  that
n

f ðTÞgðTÞ ¼ n f ðTÞþ ngðTÞ:
In particular, any monic polynomial in B½T  is localizing.
Proof. We write
g ¼ Pn
k¼0
bkT
k:
Let k0 be the largest index such that nðgÞ ¼ nðbk0Þ  k0d. Note that fg contains the mono-
mial
ðbk0 þ bk0þ1am1 þ   ÞTmþk0 :
We ﬁnd by (1.21) that
mðbk0þiamiÞf mðbk0Þ þ mðamiÞf mðbk0Þ  id:
On the other hand, we have by the choice of k0 that
mðbk0Þ  k0d < mðbk0þiÞ  ði þ k0Þd:
This proves that mðbk0þiamiÞ > mðbk0Þ: Therefore we obtain
mðbk0 þ bk0þ1am1 þ   Þ ¼ mðbk0Þ:
This shows the inequality
nð fgÞe nðbk0Þ  dðmþ k0Þ ¼ nðgÞ md ¼ nðgÞ þ nð f Þ:
The opposite inequality is obvious. The last assertion follows because any monic polyno-
mial is regular for a suitable chosen d. r
Proposition 1.23. Assume that f ¼ Tm þ am1Tm1 þ    þ a0 A B½T  is a polyno-
mial which is regular with respect to T. Each z A Af has a unique representation:
z ¼P
l
ul=f
l ; ul A B½T ;ð1:24Þ
where ul is for l > 0 a polynomial of degree strictly less than m ¼ deg f . Then the represen-
tation (1.24) is optimal (compare (1.15)).
Proof. The ﬁrst assertion follows from the Euclidean division. Consider any other
representation
z ¼P
i
vi=f
i; vi A B½T :
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Assume that n ¼ deg vifm for some i > 0. Let c A B be the highest coe‰cient of the poly-
nomial vi and set t ¼ nm. Then we conclude
nðcT tf Þf mðcÞ þ nðT tÞ þ nð f Þ ¼ mðcÞ þ nðT tÞ þ nðTmÞ ¼ nðcT nÞf nðviÞ:
We write
vi=f
i ¼ ðvi  cT tf Þ=f i ðcT t=f i1Þ:
If we insert this into the representation (1.14), the number (1.15) becomes bigger because
nðvi  cT tf Þf nðviÞ; nðcT tÞf nðcT nÞf nðviÞ:
Continuing this process proves the lemma. r
The statement of the last proposition applies in particular to a polynomial ring over a
ﬁeld A ¼ K½T1; . . . ;Te with the standard degree valuation. By Noether normalization, any
polynomial becomes regular with respect to some variable after a coordinate change.
Proposition 1.25. Let ðA; nÞ be a ring with a pseudovaluation. Let f ; g A A. Then fg is
localizing if and only if f and g are localizing.
Proof. Assume fg is localizing. Then we ﬁnd the inequality
nð f ngnxÞeCnðxÞ þ nD:
On the other hand, we have the inequality
nnð f Þ þ nðgnxÞe nð f ngnxÞ:
This shows that
nðgnxÞeCnðxÞ þ nD nð f Þ:
We leave the opposite implication to the reader. r
Proposition 1.26. Let ðA; nÞ be a ring with a pseudovaluation. Assume that A is an
integral domain such that each non-zero element of A is localizing. Let A ! B be a ﬁnite
ring homomorphism such that B is a free A-module. Let m be an admissible pseudovaluation
on B. Then any non-zero divisor in B is localizing with respect to m.
Proof. We choose an isomorphism of A-modules: ArGB. By Lemma 1.10, the
order function nr on Ar is linearly equivalent to an admissible pseudovaluation on B. Let
f A A, f 3 0. Then inequality (1.19) holds. It follows that for each z A Ar:
nrð f nzÞeCnrðzÞ þ nD:
This shows that f is localizing in B. More generally, consider a non-zero divisor b A B, and
an equation of minimal degree:
bt þ at1bt1 þ    þ a1bþ a0 ¼ 0; ai A A:
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Then a03 0 and therefore a0 is localizing. But a0 is a multiple of b in the ring B. Therefore
b is localizing in B by Proposition 1.25. r
Corollary 1.27. Let X ! SpecK be a smooth scheme over a ﬁeld K of character-
istic p. Then any point of X has an a‰ne neighborhood SpecA such that any non-zero ele-
ment in A is localizing.
Proof. This is immediate from a result of [6] which says that each point admits a
neighborhood which is ﬁnite and e´tale over an a‰ne space AnK . r
Let us assume that f A A is localizing with constants C;D given by (1.19). Then we
will assume that the constant d used in the deﬁnition of n 0 on Af is bigger than D. This can
be done without loss of generality because the equivalence class of n 0 does not depend on d.
Proposition 1.28. Let ðA; nÞ be a ring with a negative pseudovaluation. Let f A A be a
localizing element. Each z A Af has a unique representation
z ¼ a=f m; where a A A; f F a:
We deﬁne a real valued function s on Af by
sðzÞ ¼ nðaÞ md:
Then there exists a real constant E > 0 such that
n 0ðzÞf sðzÞfEn 0ðzÞ:
In particular, the restriction of n 0 to A is linearly equivalent to n.
Proof. By Lemma 1.16, it su‰ces to show the last inequality with n 0 replaced by t.
All representations (1.17) of z are of the form
af r=f mþr:
Since f is localizing, there are real numbers 1 > C > 0 and Df 0 such that
nðaf rÞ  ðmþ rÞdeCnðaÞ þ rDmd  rd
eC

nðaÞ mdþ ðD dÞreCsðzÞ þ ðD dÞr:
We may assume that dfD. Then the inequality above implies
tðzÞeCsðzÞ: r
Corollary 1.29. Let ðB; mÞ be an integral domain with a pseudovaluation m. Assume
that each non-zero element is localizing. We endow B½T  with a pseudovaluation of Example
1.5.
Then each non-zero element in B½T  is localizing.
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Proof. Clearly, each b A B, b3 0, is localizing in B½T . By the proposition, it su‰ces
to ﬁnd for a given f A B½T  an element b A B such that f is localizing in Bb½T . By the re-
mark preceding Proposition 1.22, we may assume that f is a regular polynomial. Then we
can apply this proposition. r
The following corollary would allow us to prove Corollary 1.27 more generally by
considering standard e´tale neighborhoods instead of Kedlaya’s result.
Corollary 1.30. Let ðA; nÞ be a noetherian ring with a negative pseudovaluation. Let
a; f A A be two localizing elements. Then a is localizing in Af .
Proof. By the Lemma of Artin–Rees, there is a natural number r such that for mf r
ax A f mA implies x A f mrA:
Assume that x A A, but x B fA. Then we conclude that for each n A N
anx A f mA implies me nr:
Consider a reduced fraction x=f m A Af . To show that a is localizing, it su‰ces to ﬁnd an
estimation for
s

anðx=f mÞ;
where s is the function of Proposition 1.28:
sðx=f mÞ ¼ nðxÞ md:
By the remarks above, we may write with y B fA:
anx
f m
¼ yf
s
f m
; se nr:
Using this equation, we obtain
nðyÞe nðyf sÞ  nð f sÞe nðanxÞ  snð f Þ
eCnðxÞ þ nD nrnð f Þ:
Here Ce 1, D are positive real constants, which exist because a is localizing in A.
Now it is easy to give an estimation for
s

anðx=f mÞ ¼ sðyf s=f mÞ:
We omit the details. r
We reformulate Proposition 1.28 in the case where A ¼ R½T1; . . . ;Te is a polynomial
algebra over an integral domain R with the standard degree valuation n. It extends to a val-
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uation on the quotient ﬁeld of A, which we denote by n too. Let f A A be a non-zero ele-
ment. We deﬁne n 0 on Af associated to d > 0 as before (cf. (1.15)).
We deﬁne a second pseudovaluation m on the ring Af as follows. Let QðzÞ be the
smallest integer nf 0 such that f nz A A. We set
mðzÞ ¼ minfnðzÞ;dQðzÞg:ð1:31Þ
Proposition 1.32. Let A be a polynomial ring with the standard degree valuation n.
Let f A A be a non-constant polynomial. Let us deﬁne pseudovaluations n 0 resp. m on Af by
the formulas (1.15) resp. (1.31). Then there are constants Q1 and Q2 such that
Q1mf n
0fQ2m:
Proof. We write an element z A Af as a reduced fraction
z ¼ ða=f mÞ
such that m ¼ QðzÞ. By Proposition 1.28, it is enough to compare m with the function s. The
inequality sðzÞe mðzÞ is obvious. We show that for a su‰ciently big number C > 1:
CmðzÞe nðaÞ md:
This is obvious if Cmdemd þ nðaÞ. Therefore we can make the assumption
ðC  1Þmdf nðaÞ:
We have to ﬁnd C such that the following inequality is satisﬁed:
C

nðaÞ mnð f Þe nðaÞ md:
By assumption, we have
ðC  1ÞnðaÞeðC  1Þ2md:
Therefore it su‰ces to show that for big C:
ðC  1Þ2mdemCnð f Þ  d:
But this is obvious. r
2. Overconvergent Witt vectors
Let us ﬁx a prime number p. We are going to introduce the ring of overconvergent
Witt vectors. Let A be a ring with a proper pseudovaluation n. We assume that pA ¼ 0.
Let WðAÞ be the ring of Witt vectors. For any Witt vector
a ¼ ða0; a1; a2; . . .Þ AWðAÞ
13Davis, Langer and Zink, Overconvergent Witt vectors
Brought to you by | University of Exeter
Authenticated | 144.173.176.73
Download Date | 5/3/13 2:23 PM
we consider the following set TðaÞ in the x-y-plane:

pinðaiÞ; i

; nðaiÞ3y:
For e; c A R, e > 0, we deﬁne the half plane
He; c ¼ fðx; yÞ A R2 j yfexþ cg:
Moreover, we consider for all c A R the half plane
Hc ¼ fðx; yÞ A R2 j xf cg:
Let H the set of all half planes of the two di¤erent types above. We deﬁne the Newton
polygon NPðaÞ as follows:
NPðaÞ ¼ T
H AH;TðaÞ AH
H:
Deﬁnition 2.1. We say that a Witt vector a has radius of convergence e > 0 if there is
a constant c A R such that
ifepinðaiÞ þ c:
We denote the set of these Witt vectors by W eðAÞ.
Equivalently, one may say that the Newton polygon NPðaÞ lies above a line of
slope e.
We deﬁne the Gauss norm ge : WðAÞ ! R by
geðaÞ ¼ inffi þ epinðaiÞg:ð2:2Þ
Convergence of radius e > 0 means that geðaÞ3y. We will denote the set of Witt vectors
of radius of convergence e by W eðAÞ.
Proposition 2.3. Let ðA; nÞ be a ring with a proper pseudovaluation such that pA ¼ 0.
Then for any e > 0 the Gauss norm ge is a pseudovaluation on WðAÞ. In particular,W eðAÞ is
a ring.
If we moreover assume that n is a valuation, we have the following equality for arbitrary
x; h AW eðAÞ:
geðxhÞ ¼ geðxÞ þ geðhÞ:ð2:4Þ
Proof. Clearly, we may assume e ¼ 1. We set g ¼ g1. The ﬁrst two requirements of
Deﬁnition 1.4 are clear. Consider two Witt vectors
x ¼ ða0; a1; . . .Þ AWðAÞ; h ¼ ðb0; b1; . . .Þ AWðAÞ:
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We begin by showing the inequality
gðxþ hÞfminfgðxÞ; gðhÞg:
To this end, we may assume that there is g A R such that
i þ pinðaiÞf g; i þ pinðbiÞf g:
We write
xþ h ¼ ðs0; s1; . . .Þ:
Let Sm be the polynomials which deﬁne the addition of the Witt vectors:
sm ¼ Smða0; . . . ; am; b0; . . . ; bmÞ:
We know that Sm is a sum of monomials
M ¼Gae00  . . .  aemm b f00  . . .  b fmm
such that
Pm
i¼0
piei þ
Pm
i¼0
pifi ¼ pm:
We have to show that pmnðmÞ þmf g. For this, we compute
pmnðMÞ þmf pm
Pm
i¼0
einðaiÞ þ
Pm
i¼0
finðbiÞ þ
Pm
i¼0
pieimþ
Pm
i¼0
pifim

f pm
Pm
i¼0
piei

pinðaiÞ þ i
þPm
i¼0
pifi

pinðbiÞ þ i

f pm
Pm
i¼0
pieigþ
Pm
i¼0
pifig

f g:
This proves the fourth requirement of Deﬁnition 1.4.
Next we prove the inequality
gðxhÞf gðxÞ þ gðhÞ:ð2:5Þ
By the inequality already shown, we are reduced to the case
x ¼ V i ½a; and h ¼ V j ½b:
Since, by assumption, F and V commute on WðAÞ, we ﬁnd
xh ¼ V iþ j ½ap jbpi :
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We obtain
gðxhÞ ¼ nða
p jbp
iÞ
piþj
þ i þ jf p
jnðaÞ þ pinðbÞ
piþj
þ i þ j ¼ gðxÞ þ gðhÞ:ð2:6Þ
This proves that g is a pseudovaluation.
Finally, we prove equality (2.4) if n is a valuation. We remark that (2.6) is an equality
in this case. From this we obtain (2.4) in the case where
x ¼ V i ½a þ x1; h ¼ V j ½b þ h2;
where x1 A V
iþ1W ðAÞ, h A V jþ1W ðAÞ and
gðx1Þf gðV i ½aÞ; gðh2Þf gðV
j ½bÞ:
Next we consider the case that there are i and j such that
pinðaiÞ þ i ¼ gðxÞ; pjnðbjÞ þ j ¼ gðhÞ:
We assume that i and j are minimal with this property. Then we write
x ¼ ða0; . . . ; ai1; 0; . . .Þ þ x1 ¼ x 0 þ x1;
h ¼ ðb0; . . . ; bj1; 0; . . .Þ þ h1 ¼ h 0 þ h1:
We have by our choice
gðx 0Þ > gðxÞ ¼ gðx1Þ; gðh 0Þ > gðhÞ ¼ gðh1Þ:
By the case already treated, we have gðx1h1Þ ¼ gðx1Þ þ gðh1Þ. Then we obtain
gðxhÞ ¼ gðx1h1 þ x1h 0 þ x 0h1 þ x 0h 0Þð2:7Þ
fminfgðx1h1Þ þ gðx1h 0Þ þ gðx 0h1Þ þ gðx 0h 0Þg:
But by inequality (2.5), this minimum is assumed only for gðx1h1Þ and therefore (2.7) is an
equality.
Finally, if i and j as above do not exist, this becomes true if we replace e by any d
which is a little smaller. If d approaches e, we obtain the desired result. r
We have the formulas
geðVaÞ ¼ 1þ ge=pðaÞ;
geðFaÞf gpeðaÞ;
geðpÞ ¼ 1:
ð2:8Þ
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Deﬁnition 2.9. The union of the rings W eðAÞ for e > 0 is called the ring of over-
convergent Witt vectors W yðAÞ.
Corollary 2.10. Let a AW yðAÞ and let d > 0 be a real number. Then there is an e > 0
such that geðaÞ > d.
Proof. Take some negative line of slope t below the Newton polygon of a. If this
line does not meet the negative x-axis, we conclude that gtðaÞf 0. In the other case, we
rotate the line around the intersection point to obtain the desired slope e. r
We will from now on assume that the pseudovaluation n on A is negative. Then we
have
W dðAÞHW eðAÞ if d > e:
By Proposition 2.3, this is a subring.
The ring W yðAÞ does not change if we replace n by a linearly equivalent pseudovalu-
ation. More generally, let f : A ! RW fyg be any function which is linearly equivalent
to n. Then a Witt vector ðx0; x1; . . .Þ AW ðAÞ is overconvergent with respect to the n if and
only if there is an e > 0 and a constant C A R such that for all if 0:
i þ pif ðxiÞefC:
With the notation of Deﬁnition 1.9 let A be a ﬁnitely generated algebra over ðR; mÞ.
Any admissible pseudovaluation on A leads us to the same ringW yðAÞ. Let a : A ! B be a
homomorphism of ﬁnitely generated R-algebras. Then the induced homomorphism on the
rings of Witt vectors respects overconvergent Witt vectors:
WðaÞ : W yðAÞ ! W yðBÞ:ð2:11Þ
This is seen by choosing a diagram
R½T1; . . . ;Tn ! R½T1; . . . ;Tn;S1; . . . ;Sm???y
???y
A B:!
On the truncated Witt vectors we consider the functions ge½n given by
ge½n : Wnþ1ðAÞ ! RW fyg;
ge½nðaÞ ¼ minfi þ epinðaiÞ j ie ng:
This is the quotient of ge under the natural mapWðAÞ ! Wnþ1ðAÞ in the sense of (1.2). We
conclude that ge½n is a proper pseudovaluation.
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The following is obvious: Let
Py
m¼0
am be an inﬁnite sum of Witt vectors am AWðAÞ
which converges in the V -adic topology to s A A. Let e > 0 and C A R be such that
geðamÞfC:
Then s is overconvergent, and we have geðsÞfC.
More generally, we can consider families of pseudovaluations de½n of W ðAÞ which
are indexed by real numbers e > 0 and n A NW fyg. Write de ¼ de½y. We require that
de1 ½nf de2 ½n; e1e e2;
de½nf de2 ½m; nem:
Deﬁnition 2.12. Two families de½n and d 0e½n given as above are called equivalent if
there are constants c1; c2; d1; d2 A R, where c1 > 0, c2 > 0, such that for su‰ciently small e
the following inequalities hold:
dc1e½nf d 0e½n  d1;
d 0c2e½nf de½n  d2:
Let n and n 0 be negative pseudovaluations on A which are linearly equivalent. Then
the families ge and g
0
e of Gauss norms deﬁned by (2.2) are equivalent.
We obtain from Lemma 1.10 the following:
Proposition 2.13. Let ðR; mÞ be a ring with a negative pseudovaluation. Let A be an
R-algebra which is free as an R-module. Let t be an admissible pseudovaluation on A given
by Proposition 1.8.
We transport mn to A by an isomorphism RnGA. Then a Witt vector
ða0; a1; . . .Þ AWðAÞ is overconvergent with respect to t if and only if there is an e > 0 and a
constant C A R such that
i þ pimnðaiÞfC:
In particular, a Witt vector r ¼ ðr0; r1; . . .Þ AWðRÞ is overconvergent if and only if its image
in W ðAÞ is overconvergent.
Proof. Only the last sentence needs a justiﬁcation. Assume r is overconvergent in A.
By the ﬁrst part of the proposition, this means the following:
Let ei be a basis of the R-module A. We write
1 ¼P
m
cmem; cm A R:
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Then overconvergence means that there are constants e > 0 and C A R such that for
1eme n and if 0:
i þ pimðcmriÞefC:
By Cohen–Seidenberg, it is clear that cm generate the unit ideal in R:
1 ¼P
m
cmum:
This gives
mðriÞfminfmðcmriÞ þ mðuiÞgfminfmðcmriÞg  C 0
for some constant C 0 which depends only on the elements um. Therefore we see that
r AW yðRÞ. We leave the proof of inclusion W yðRÞHW yðAÞ to the reader. r
Lemma 2.14. Assume that f A A is localizing. Let c AWðAÞ be a Witt vector such
that c AW yðAf Þ. Then c AW yðAÞ.
Proof. We write c ¼ ðc0; c1; c2; . . .Þ, where ci A A. By Lemma 1.16, we ﬁnd represen-
tations ci ¼ ai=f mi and real numbers e > 0 and U such that
i þ pienðaiÞ midfU :
Since f is localizing, we obtain
nðaiÞ ¼ nð f miciÞeCnðciÞ þmiD;
and therefore
Ue i þ pieCnðciÞ þmiðD dÞ ¼ i þ pieCnðciÞ þ piemiðD dÞ:
By our choice D < d, the last summand is not positive. This shows that c AW yðAÞ. r
Proposition 2.15. Let ðA; nÞ be an integral domain with a negative pseudovaluation
such that any non-zero element is localizing. Let a : A ! B be an injective ring homomor-
phism of ﬁnite type which is generically ﬁnite. Then we have
WðAÞXW yðBÞ ¼ W yðAÞ:
Proof. Indeed, we ﬁnd an element c A A, c3 0, such that Ac ! Bc is ﬁnite, and Bc is
a free Ac-module. Clearly, it su‰ces to show the proposition if we replace B by Bc. We con-
sider the maps A ! Ac ! Bc and apply the last lemma and Proposition 2.13. r
Proposition 2.16. Let A ! B be a smooth morphism of ﬁnitely generated algebras
over a ﬁeld K of characteristic p. We endow them with admissible pseudovaluations. Then
we have
WðAÞXW yðBÞ ¼ W yðAÞ:
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Proof. By Proposition 3.2, W y is a sheaf in the Zariski topology. Therefore the
question is local on SpecA. We therefore may assume by Corollary 1.29 that any non-
zero element of A is localizing. Obviously, the question is local on SpecB. By the deﬁnition
of smoothness, we may therefore assume that the morphism factors
A ! A½T1; . . . ;Td  ! B;
where the last arrow is e´tale and in particular generically ﬁnite. We show the proposition
for both arrows separately.
We know by the remark after Deﬁnition 1.9 that there is an admissible pseudovalua-
tion on A½T1; . . . ;Td  whose restriction to A is an admissible pseudovaluation. This shows
the assertion for the ﬁrst arrow.
For the second arrow we use Proposition 2.15. It is enough to show that any element
in C ¼ A½T1; . . . ;Td  is localizing. But this is Corollary 1.29. r
Let R be an integral domain and endow it with the trivial valuation. Consider on the
polynomial ring A ¼ R½T1; . . . ;Td  a degree valuation n such that nðTiÞ ¼ di < 0. Let ge
be the associated Gauss norms on WðAÞ. In the following we need the dependence on d.
Therefore we set
gðdÞ ¼ g1; and then gðedÞ ¼ ge:
Let us denote by ½1; d  the set of natural numbers between 1 and d. A weight k is a
function k : ½1; d  ! Zf0½1=p. Its values are denoted by ki. The denominator of k is the
smallest number u such that puk takes values in Z. Set dðkÞ ¼ k1d1 þ    þ kd dd . We write
Xi ¼ Ti for the Teichmu¨ller representative and we set X k ¼ X k11  . . .  X kdd .
By [8], any element a AW ðAÞ has a unique expansion
a ¼P
k
xkX
k; xk A V
uWðRÞ:ð2:17Þ
Here u denotes the denominator of k. This series is convergent in the V -adic topology, i.e.
for a given m A N we have xk A V
mWðRÞ for almost all k.
For x AWðRÞ we deﬁne
ordV x ¼ minfm j x A VmW ðRÞg:
Proposition 2.18. The Gauss norm of gðdÞ is given by the formula
gðdÞðaÞ ¼ inffordV xk  dðkÞg;ð2:19Þ
and the truncated Gauss norm is given by
gðdÞ½nðaÞ ¼ minfy; ordV xk  dðkÞ j xk B V nþ1WðRÞgð2:20Þ
¼ min
k
fgðdÞ½nðxkX kÞg:
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Proof. It is enough to show equation (2.20). The formula is obvious if a ¼ xkX k for
a particular k. This implies (2.20) if the minimum is attained exactly once on the right-hand
side.
Let dðlÞ A Rd>0, l A N, be a sequence which converges to the given d. We denote by
gðlÞ½n the truncated Gauss norm on Wnþ1ðAÞ associated to numbers dðlÞ. We easily see that
lim
l!y
gðlÞ½nðaÞ ¼ gðdÞ½nðaÞ:
Clearly, the right-hand side of (2.20) is also continuous with respect to d. Therefore it suf-
ﬁces for the proof to construct a sequence dðlÞ such that for each l the minimum
minfgðlÞ½nðxkX kÞg
is assumed exactly once. This is the case for a3 0. Indeed, on the right-hand side of (2.20)
all but ﬁnitely many ge½nðxkX kÞ are equal to y. We denote by g the smallest of these val-
ues and by g1 the next greater value, which may be y. Let T be the set of weights where
the value g is assumed.
The set of linear functions h : Rd ! R such that
ordV xk þ hðkÞ3 ordV xk 0 þ hðk 0Þ
for two di¤erent weights involved of T is dense. We ﬁnd an h in this set whose matrix has
positive entries. Moreover, we may assume that hðkÞ < ðq1  qÞ=2 if gðdÞ½nðxkX kÞ3y.
Then dðlÞ ¼ dþ l1h meets our requirements. r
Remark. In the case of a polynomial algebra A, it is useful to consider a stronger
version of overconvergence, which makes only sense for rings of Witt vectors. With the
above notation we deﬁne
geðaÞ ¼ inffordV xk  ejkj  ug:ð2:21Þ
This is clearly a pseudovaluation for each e. If this inf is not y, we call a overconvergent
with respect to ge. One easily veriﬁes
geðaÞe geðaÞ;
geðarÞf ðr 1ÞgeðaÞ þ geðaÞ:
ð2:22Þ
It is important to note that the Teichmu¨ller representative ½ f  of an element f A A is
ge-overconvergent. This is an immediate consequence of the following
Lemma 2.23. Let R be a Zp-algebra. Let A be an R-algebra. Let x1; . . . ; xn A R and
t1; . . . ; td A A be elements. We denote by k ¼ ðk1; . . . ; kdÞ A Zf0½1=p a weight. Then we have
in W ðAÞ the following relation:
½x1t1 þ    þ xdtd  ¼
P
k; jkj¼1
ak½t1k1  . . .  ½td kd ;ð2:24Þ
where ak A V uWðRÞ and pu is the denominator of k.
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Proof. Clearly, it is enough to show this lemma in the case where x1 ¼ 1; . . . ; xd ¼ 1.
Moreover, we may restrict ourselves to the case where R ¼ Zp and A is the polynomial al-
gebra over Zp in the variables t1; . . . ; td . Then WðAÞ is a Zf0½1=p-graded such that the
monomial ½t1k1  . . .  ½td kd has degree jkj (note that this monomial is in general not in
W ðAÞ). More precisely, a Witt vector of polynomials ðp0; p1; p2; . . .Þ3 0 is homogeneous
of degree m A Zf0½1=p if each polynomial pi has degree pim, if pi3 0. In the case where
pim is not an integer, the condition says that pi ¼ 0.
Since ½t1 þ    þ td  is homogeneous of degree 1, the lemma follows from [8], Prop-
osition 2.3. r
Lemma 2.25. Let ðA; nÞ be a ring with a proper pseudovaluation. Let a A VWðAÞ. As-
sume that geðaÞf 0. Then the element 1 a is a unit in WðAÞ and we have
geð1 aÞ1f 0:ð2:26Þ
Assume moreover that A ¼ R½T1; . . . ;Td  is a polynomial ring with a degree valuation.
Then
geð1 aÞ1fminf0; geðaÞg:
In particular, ð1 aÞ1 is ge-overconvergent if so is a.
Proof. Write a ¼ Vh. We ﬁnd ge=pðhÞ > 1. In W ðAÞ we have the identity
ð1 VhÞ1 ¼ 1þP
i>0
pi1V ðh iÞ ¼ P
if0
a i:
The middle term shows that the series converges V -adically, and the last sum proves in-
equality (2.26). The last assertion is obvious from (2.22). r
Proposition 2.27. Let ðA; nÞ be a ring with a proper pseudovaluation. Furthermore, let
wn : W ðAÞ ! A denote the Witt polynomials. An element a AW yðAÞ is a unit if and only if
w0ðaÞ is a unit in A.
Assume moreover that A ¼ R½T1; . . . ;Td  is a polynomial ring with a degree valuation.
If a is ge-overconvergent, then a
1 is gd-overconvergent for some d > 0.
Proof. We write a ¼ ½a þ Vh, with a A A and h AWðAÞ. To prove the ﬁrst asser-
tion, we may assume that a ¼ 1. Applying Corollary 2.10, we assume that geðVhÞ > 0.
Then the assertion follows from Lemma 2.25.
Now we prove the second assertion: Since every Teichmu¨ller representative is
ge-overconvergent, it su‰ces to show that the inverse of 1þ ½a1Vh ¼ 1þ V ð½aphÞ is
ge-overconvergent. Since ge is a pseudovaluation, we see that
V ð½aphÞ is ge-overconvergent
too. By Corollary 2.10, we ﬁnd e=p such that
ge=pð½aphÞ > 1:
Therefore we may apply Lemma 2.25. r
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Proposition 2.28. Let A be an algebra over a perfect ﬁeld K. Let n be an admissible
pseudovaluation on A. Then W yðAÞ is an algebra over the complete local ring W ðKÞ.
The WðKÞ-algebra W yðAÞ is weakly complete in the sense of [13].
Proof. Let z1; . . . ; zr AW yðAÞ. Consider an inﬁnite series
P
akz
k; ak AWðKÞ; zk ¼ zk11  . . .  zkrr :ð2:29Þ
We assume that there are real numbers d > 0 and c such that
ordp akf djkj þ c:
This implies that the series (2.29) converges in WðAÞ. We have to show that the series con-
verges to an element W yðAÞ. We choose a common radius e of convergence for z1; . . . ; zr.
Making e smaller, we may assume that
geðziÞfd:
Then we ﬁnd
geðakakÞf ordp ak  djkjf c:
Therefore (2.29) converges to an element of W yðAÞ. r
We will point out that by Monsky and Washnitzer the last proposition implies
Hensel’s lemma for the overconvergent Witt vectors:
Proposition 2.30. Let A be an algebra over a perfect ﬁeld K. Let n be an admissible
pseudovaluation on A. Let f ðTÞ AW yðAÞ½T  be a polynomial. We consider the homomor-
phism w0 : W
yðAÞ ! A.
Let a A A be an element such that
f ðaÞ ¼ 0 and f 0ðaÞ is a unit in A:
Then there is a unique a AW yðAÞ such that f ðaÞ ¼ 0 and such that a1 a modVW yðAÞ.
Proof. The kernel of the natural morphism W yðAÞ=pW yðAÞ ! A is an ideal whose
square is zero. Therefore there is an a AW yðAÞ=pW yðAÞ which reduces to a and such that
f ðaÞ ¼ 0. The rest of the proof is a general fact about weakly complete algebras explained
below. r
For the explanation we follow the notation of [13]: Let ðR; IÞ be a complete noether-
ian ring. Let A be a weakly complete ﬁnitely generated (w.c.f.g.) algebra over ðR; IÞ. We
write A ¼ A=IA. Let A ! B be a morphism of w.c.f.g. algebras such that
B ¼ A½X1; . . . ;Xn=ðF ð1Þ   F ðsÞÞ; se n;
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and the s s subdeterminants of qF
ðiÞ
qXj
 
generate the unit ideal in B. Then by [13], p. 195,
the morphism A ! B is very smooth. As an example we may take for B the weak comple-
tion of
A½X ;T = f ðXÞ; 1 f 0ðXÞT;
where f ðXÞ A A½X  is a polynomial.
Proposition 2.31. Let C be a weakly complete (not necessarily ﬁnitely generated but
p-adically separated ) algebra over ðR; IÞ. Let f ðXÞ A C½X  be a polynomial and let g A C be
an element such that f ðgÞ ¼ 0 and f 0ðgÞ is a unit in C. Then there is a unique element g A C
such that f ðgÞ ¼ 0 and g1 g mod IC.
Proof. By Hensel’s lemma applied to the completion of C, the uniqueness of the so-
lution is clear.
For the existence we write f ðXÞ ¼ sdX d þ sd1X d1 þ    þ s1X þ s0, where si A C.
Let A ¼ R½Sd ; . . . ;S0y be the weak completion of the polynomial algebra. We set
FðX Þ ¼ SdX d þ    þ S1X þ S0 A A½X 
and we let B be the weak completion of
A½X ;T =FðX Þ; 1 TF 0ðX Þ:
Let A ! C be the homomorphism deﬁned by Si 7! si. The solution g deﬁnes a homomor-
phism
R=I ½Sd ; . . . ;S0;X ;T =

FðX Þ; 1 TF 0ðXÞ! C;
where Si 7! si mod IC and X 7! g, T 7! f 0ðgÞ1. Hence we obtain a commutative dia-
gram
A ! C???y
???y
B ! C:
ð2:32Þ
Since A ! B is very smooth by the example above, we ﬁnd a morphism B 0 ! C mak-
ing (2.32) commutative. The image of X is the desired solution g A C. r
We will now study the behavior of overconvergent Witt vectors in ﬁnite e´tale exten-
sions. Let A be a ﬁnitely generated K-algebra. Let B be a ﬁnite e´tale A-algebra which is free
as an A-module. Let ei, 1e ie r, be a basis of the A-module B. Then the natural map
WðAÞr ! W ðBÞ;ð2:33Þ
which maps the standard basis of the free moduleWðAÞr to the Teichmu¨ller representatives
½ei, is an isomorphism. Moreover, WðBÞ is an e´tale algebra over WðAÞ.
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Indeed, from [8], A8, it follows that the WnðAÞ-algebra WnðBÞ is e´tale for each n. We
set In ¼ VWn1ðAÞHWnðAÞ. Then by loc. cit. we have InWnðBÞHVWnðBÞ. From this we
conclude by the Lemma of Nakayama that
WnðAÞr ! WnðBÞ
is an isomorphism. Taking the projective limit, we obtain (2.33). If we tensor (2.33) with
Anw0 , we obtain that Anw0 WðBÞ ¼ B.
We will now assume that B is monic,
B ¼ A½T =f ðTÞA½T ;
where
f ðTÞ ¼ Tm  cm1Tm1      c1T  c0:ð2:34Þ
Let n be a negative pseudovaluation on A. We endow B with the equivalence class of ad-
missible pseudovaluations deﬁned by Proposition 1.8.
Lemma 2.35. Let d A R be such that d > nðciÞ for i ¼ 1; . . . ;m. An element b A B has
a unique representation
b ¼ Pm1
i¼0
aiT
i:
We set
~nðbÞ ¼ min
i¼1;...;m1
fnðaiÞ  idg:ð2:36Þ
Then ~n is an admissible pseudovaluation on B.
Proof. We consider on A½T  the pseudovaluation m (cf. (1.13)). We will show that
with d given as above ~n is the quotient of m.
Let
~b ¼ Ps
j¼0
ujT
j
be an arbitrary representative of b. We need to show that mð~bÞ is smaller than the right-
hand side of (2.36). We prove this by induction on s. For s < m there is nothing to show.
For sfm we obtain another representative of b:
~b 0 ¼ Pm1
j¼0
ujT
j þ P
kfm
uk
Pm1
l¼0
clT
l

T km:ð2:37Þ
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On the right-hand side, there is a polynomial of degree at most s 1. Therefore it su‰ces,
by induction, to show that
mð~b 0Þf mð~bÞ:
The last inequality is a consequence of the following:
mðujT jÞf mð~bÞ for j ¼ 0; . . . ;m 1;
mðukclT kmþlÞf mð~bÞ for kfm; 0e lem 1:
ð2:38Þ
The ﬁrst set of these inequalities is trivial. For the second set we compute
mðukclT kmþlÞf nðukÞ þ nðclÞ  kd þ ðm lÞd
f mðukÞ  kdf mð~bÞ:
The last equation holds because by the choice of d we have
nðclÞ þ ðm lÞdf 0:
This shows the second set of inequalities. r
Because ~n restricted to A coincides with n, we simplify the notation by setting ~n ¼ n.
The Gauss norms (2.2) induced by the pseudovaluation n on WðBÞ and W ðAÞ will be also
denoted by the same symbols ge.
Lemma 2.39. With the notation of Lemma 2.35 we assume that B is e`tale over A. We
will denote the residue class of T in B by t.
Then there is a constant G A R with the following property: Each b A B has for each in-
teger nf 0 a unique representation
b ¼ Pm1
i¼0
anit
ipn :
Then we have the following estimates for the pseudovaluations of ani:
nðaniÞf nðbÞ  pnG:ð2:40Þ
Proof. Since B is e´tale over A, the elements
1; tp
n
; t2p
n
; . . . ; tðm1Þp
n
are for each n a basis of the A-module B. We write
ti ¼ Pm1
j¼0
ujit
jp:ð2:41Þ
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We introduce the matrix U ¼ ðujiÞ and we set for matrices
nðUÞ ¼ min
i; j
fnðujiÞg:
We deduce the relation
a1j ¼
P
i
ujia0i
and we will write the last equality in matrix notation:
að1Þ ¼ Uað0Þ:
Let U ðp
nÞ be the matrix obtained from U by raising all entries of U to the pn-th power.
Then we obtain with the obvious notation:
aðnþ 1Þ ¼ U ðpnÞaðnÞ:
It is obvious that for two matrices U1, U2 with entries in B
nðU1U2Þf nðU1Þ þ nðU2Þ:
We choose a constant C such that
nðUÞfC:
Therefore we obtain:
n

aðnÞ ¼ nU ðpn1Þ  . . . Uað0Þ
fðpn1C þ    þ pC þ CÞ þ nað0Þ:
By Lemma 2.33, we have
nðbÞ ¼ minfnða0iÞ  idge n

að0Þ:
Therefore we obtain
n

aðnÞfpn C
p 1þ nðbÞ:
We thus found the desired constant. r
Proposition 2.42. Let B ¼ A½t be a ﬁnite e´tale A-algebra as in Lemma 2.39. Let
G > 0 be the constant of this lemma. Let x ¼ ½t AWðBÞ be the Teichmu¨ller representative.
By (2.33), 1; x; . . . ; xm1 is a basis of the W ðAÞ-module W ðBÞ. We write an element
h AWðBÞ as follows:
h ¼ Pm1
i¼0
xix
i; xi AWðAÞ:
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There is a real number d > 0 such that for ee d
geðhÞfC implies geðxiÞfC  eG:
Proof. We choose a constant G 0 > 0 such that
nðtiÞfG 0; for i ¼ 0; . . . ;m 1:
Let d be such that dðG þ G 0Þe 1. Write
xi ¼
P
sf0
V s ½as; i with as; i A A
and deﬁne
ziðnÞ ¼
P
sfn
V sn ½as; i:
We will show by induction on n the following two assertions:
ge
Pm1
i¼0
V nziðnÞxi

fC;ð2:43Þ
geðV
n ½an; iÞfC  eG:ð2:44Þ
We begin by showing that the ﬁrst inequality for a given n implies the second. To this end,
we set
yðnÞ ¼ Pm1
i¼0
V nziðnÞxi:
The ﬁrst non-zero component of this Witt vector is
yn ¼
Pm1
i¼0
an; it
ipn
in place nþ 1. We conclude that
nþ epnnðynÞf g

yðnÞfC;
where the last inequality is (2.43). This shows that
nðyÞfepnðC þ nÞ:
We conclude by Lemma 2.39 that
nðan; iÞfðpn=eÞðC þ nÞ  pnG;ð2:45Þ
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and therefore
geðV
n ½an; iÞ ¼ nþ epnnðan; iÞfC  eG:
Therefore the proposition follows if we show the assertion (2.43) by induction. The asser-
tion is trivial for n ¼ 0 and we assume it for n. With the above notation we write
yðnþ 1Þ ¼ yðnÞ  Pm1
i¼0
V n ½an; ixi
¼ yðnÞ  V n ½yn
Pm1
i¼0
V n ½an; ixi  V n ½yn

:
The Witt vector in the ﬁrst brackets has only entries which also appear in yðnÞ and there-
fore has Gauss norm gefC. The assertion follows if we show the same inequality for the
Witt vector in the second brackets:
V nþ1t ¼
Pm1
i¼0
V n ½an; ixi  V n ½yn

:
We set
½yn ¼
Pm1
i¼0
½an; it ipn  ¼ ðs0; s1; s2; . . .Þ:
Then we ﬁnd
Vt ¼ ð0; s1; s2; . . .Þ:
We know that sl is a homogeneous polynomial of degree p
l in the variables an; it
ipn for
i ¼ 1; . . . ;m 1. By the choice of G 0, we ﬁnd nðtipnÞf pnnðtiÞfpnG 0. Using (2.45) we
ﬁnd
nðslÞfpl
ðpn=eÞðC þ nÞ þ pnG plpnG 0 ¼ pnþlð1=eÞðC þ nÞ þ G þ G 0:
We have
V nþ1t ¼ P
lf1
V nþl ½sl :
For the Gauss norms of the entries of this vector we ﬁnd for lf 1:
geðV
nþl ½sl Þ ¼ nþ l þ epnlnðslÞf nþ l  e
ð1=eÞðC þ nÞ þ G þ G 0
¼ l  C  eðG þ G 0ÞfC:
The last inequality follows since lf 1 by the choice of d. We conclude that
geðV
nþ1
tÞfC: r
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Corollary 2.46. Let A be a ﬁnitely generated algebra over K. Let B ¼ A½T = f ðTÞ
be a ﬁnite e´tale A-algebra, where f ðTÞ A A½T  is a monic polynomial of degree n. We denote
by t the residue class of T in B, and set x ¼ ½t AW yðBÞ.
Then W yðBÞ is ﬁnite and e´tale over W yðAÞ with basis 1; x; . . . ; xn1.
3. The sheaf property
We will prove that the overconvergent Witt vectors are a sheaf for the Zariski topol-
ogy. This is done for overconvergent Witt di¤erentials over a perfect ﬁeld in [2]. For Witt
vectors the argument given here is more elementary and works over an integral domain R.
The basic idea due to Meredith is the same as for Witt di¤erentials.
Let R be an integral domain of characteristic p. Consider the ring
L ¼ R½T1; . . . ;Tg;SG11 ; . . . ;SG1m :
We deﬁne a pseudovalution n on L. Write a A L as a Laurent polynomial
a ¼P
k; l
aklT
kS l ; k A Zgf0; l A Z
m:
We set
nðaÞ ¼ maxjkj þ jlj  akl3 0
and nð0Þ ¼y. By Proposition 1.32, this is an admissible pseudovaluation (Deﬁnition 1.9).
The degree of a A L is by deﬁnition deg a ¼ nðaÞ. We should note that in general we have
only degðabÞe deg aþ deg b, but not equality.
Consider a Witt vector
s ¼ ðs0; s1; s2; . . .Þ AW ðLÞ:ð3:1Þ
The normalized degree of s is deﬁned by
Ndeg s ¼ supfdeg si=pi j i A Zf0g:
If Ndeg s <y, we call s bounded. The bounded Witt vectors are a subring of the overcon-
vergent Witt vectors which are deﬁned by the Gauss norms
gdðsÞ ¼ inf
i
fi  d deg si=pig:
We will say that a Witt vector (3.1) is concentrated in an interval ½c; d HZf0 if si ¼ 0 for
i B ½c; d .
Let A be a ﬁnitely generated algebra over R. We consider X ¼ SpecA as a
Grothendieck topology with objects being the open set Dð f Þ, with f A A, and the usual
coverings. We denote by W yO the presheaf Dð f Þ 7! W yðAf Þ.
30 Davis, Langer and Zink, Overconvergent Witt vectors
Brought to you by | University of Exeter
Authenticated | 144.173.176.73
Download Date | 5/3/13 2:23 PM
Proposition 3.2. Let f1; . . . ; fm A A be elements which generate the ideal A. Let U
be the covering of SpecA by the open sets Ui ¼ Dð fiÞ. Then we have for the Cech coho-
mology
H iðU;W yOÞ ¼ W
yðAÞ if i ¼ 0;
0 if if 1:
	
ð3:3Þ
In particular, the presheaf W yO extends uniquely to a sheaf on the topological space SpecA.
Proof. We augment the Cech complex by W yðAÞ and show that the cohomology of
the augmented complex is 0. Let us ﬁrst assume that fi is not a zero-divisor for i ¼ 1; . . . ;m.
We represent A as a quotient
R½T1; . . . ;Tg;S1; . . . ;Sm ! A
such that the elements Si are mapped to fi. If we speak of the degree deg a of an element
a A A, we mean the degree of a given representative ~a A L which will be clear from the con-
text, e.g. for fi we take always the representative Si and write deg fi ¼ 1. In the same sense
we will speak of the normalized degree of an element in WðAÞ.
For a localization Afi0 ... fir we consider the representation
R½T1; . . . ;Tg;S1; . . . ;Sm;S1i0 ; . . . ;S1ir  ! Afi0 ... fir :
Degrees of elements in Afi0 ... fir are meant with respect to this representation.
Then the Teichmu¨ller representatives ½ f1; . . . ; ½ fm generate the unit ideal in W yðAÞ.
We ﬁnd the relation
Pm
i¼1
ri½ fi ¼ 1; ri AW yðAÞ:
If we raise this equation to the ml-th power, we ﬁnd the relation
Ql; iðr1; . . . ; rm; ½ f1; . . . ; ½ fmÞ½ fil ¼ 1:
Here Ql; i are polynomials which are homogeneous of degree ml in r1; . . . ; rm and homoge-
neous of degree ðm 1Þl in ½ f1; . . . ; ½ fm.
Let s ¼ ðsi0;...; irÞ be an alternating r-cocycle with values in si0;...; ir AW yðAfi0 ... fir Þ. We
will show that s is a coboundary.
We write s ¼ sð0Þ; sð1Þ; sð2Þ; . . .. Since this Witt vector is overconvergent, we ﬁnd
C A N such that
l 1
C
deg sðlÞi0;...; ir
pl
> 1:
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Here we have chosen representatives of sðlÞi0;...; ir which are ﬁxed throughout our discussion.
We rewrite the last inequality in the form
deg sðlÞ < Cðlþ 1Þpl:ð3:4Þ
Deﬁne the truncated cochain
s<u ¼ sð0Þ; sð1Þ; . . . ; sð2u  1Þ; 0; 0; . . .:
We deduce from (3.4) that
Ndegs<u < C2u:ð3:5Þ
In particular, this implies that
½ faC2
u
s<ua; i1;...; ir AW ðAfi1 ... fir Þ:
This Witt vector is concentrated in ½0; 2uÞ.
We will consider ‘‘generalized’’ cochains g that have values in the polynomial rings
W yðAfi0 ... fir Þ½r1; . . . ; rm. If we speak of the normalized degree of such a cochain, we mean
the maximum of the normalized degrees of the coe‰cients of these polynomials in r1; . . . ; rn,
while degree means degree of the polynomials. This will be denoted by Pdeg.
Now we construct inductively ‘‘generalized’’ cochains
t<ui1;...; ir AWðAfi1 ... fir Þ½r1; . . . ; rm
which are concentrated in ½0; 2uÞ and which have the following properties:
(1) Pdeg t<ui1;...; ire 2Cm2
u.
(2) Ndeg t<ui1;...; ir < 2Cm2
u.
(3) ½ fik C2
u
t<ui1;...; ik ;...; ir AWðAfi1 ...; bfik ;... fir Þ½r1; . . . ; rm.
(4) s<u  qt<u ¼ 0 modulo V 2uW yðAfi0 ... fir Þ.
(5) t<uþ1 ¼ t<u þ t½uþ 1, where t½uþ 1 is concentrated in the interval ½2u; 2uþ1Þ.
We note that in (4) we have evaluated the polynomials in ri.
Assume that t<u is constructed. Then we consider the r-cochain
g ¼ ðs<uþ1  qt<uÞ<uþ1:
Here we truncate the di¤erence in the place 2uþ1. Then g is concentrated in ½2u; 2uþ1Þ and
has normalized degree Ndeg g < 2Cm2u. By property (1), we have Pdeg ge 2Cm2u. Then
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we deﬁne the ‘‘generalized’’ cochain
t½uþ 1i1;...; ir ¼ ð
P
QC2uþ1;a½ faC2
uþ1
ga; i1;...; irÞ<uþ1;
where we truncate again the sum at the place 2uþ1. Then t½uþ 1 has normalized degree
Ndeg t½uþ 1 < mC2uþ1 þ 2Cm2u ¼ 2Cm2uþ1:
The degree of t½uþ 1 as a polynomial in ri isemC2uþ1 þmC2uþ1 ¼ 2Cm2uþ1.
If we restrict our cochains toW2uþ1ðAfi1 ... fir Þ, then g becomes a cocycle and a standard
formal computation yields
g qt½uþ 1 ¼ 0 modulo V 2uþ1 :
This implies
s<uþ1  ðqt<u þ qt½uþ 1Þ ¼ 0 modulo V 2uþ1 :
By property (5), this shows (4). The properties (1) and (2) follow from the corresponding
properties for t½uþ 1 proven above. Finally, we obtain
½ fik C2
uþ1
t½uþ 1i1;...; ir AWðAfi1 ...; bfik ;... fir Þ½r1; . . . ; rm
since this holds for s<uþ1 and for qt<u.
Therefore we have constructed data with the properties (1)–(5) as required.
We consider the polynomial
t½ui1;...; ir ¼
P
jI jeCm2uþ1
t½ui1;...; irðIÞrI AW yðAfi1 ... fir Þ;
i.e. we evaluate the polynomials. Then s is the boundary of
P
u
t½u. We have to show that
the last element converges to an element in W yðAfi1 ... fir Þ.
For this we compute the Gauss norms. Since t½uðIÞ is concentrated in ½2u1; 2uÞ, we
ﬁnd by property (2)
gd

t½uðIÞf 2u1  d2Cm2uf 2u2
if d < 1=8mC.
On the other hand, we ﬁnd for arbitrarily small e > 0 a d > 0 such that gdðriÞ > e.
Then we have
gd

t½ui1;...; irðIÞrI

> 2u2  jI jef 2u2 mC2uþ1ef 0
if e < 1=8mC. Therefore the terms of the sum
P
u
t½ui1;...; ir are uniformly bounded in the
Gauss norm gd and therefore this sum converges to an element of ti1;...; ir AW
yðAfi1 ... fir Þ,
such that qt ¼ s.
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Finally, we treat the case where zero-divisors among the fi are allowed. Then we ﬁnd
a surjective algebra homomorphism B ! A such that B is a ﬁnitely generated algebra over
R and such that there are preimages gi A B of fi which are not zero-divisors in B and gen-
erate the unit ideal: ðg1; . . . ; gmÞ ¼ B.
Let a be the kernel of B ! A. Then we obtain an exact sequence of presheaves on
SpecB:
0 ! W yðagÞ ! W yðBgÞ ! W yðAgÞ ! 0:ð3:6Þ
Let ~U be the covering of SpecB given by the DðgiÞ for i ¼ 1; . . . ;m. We have shown that
the Cech cohomology of the presheaf W yðBgÞ is trivial with respect to ~U. But the same ar-
gument shows that the Cech cohomology of the presheaf W yðagÞ is trivial as well. Since
Agi ¼ Afi we obtain (3.3) from the cohomology sequence. r
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